A micromixer with unbalanced three-split rhombic sub-channels was proposed, and analyses of the mixing and flow characteristics of this micromixer were performed in this work. Three-dimensional Navier-Stokes equations in combination with an advection-diffusion model with two working fluids (water and ethanol) were solved for the analysis. The mixing index and pressure drop were evaluated and compared to those of a two-split micromixer for a range of Reynolds numbers from 0.1-120. The results indicate that the proposed three-split micromixer is efficient in mixing for a range of Reynolds numbers from 30-80. A parametric study was performed to determine the effects of the rhombic angle and sub-channel width ratio on mixing and pressure drop. Except at the lowest Reynolds number, a rhombic angle of 90° gave the best mixing performance. The three-split micromixer with minimum minor sub-channel widths provided the best mixing performance.
Introduction
In recent years, lab-on-a-chip (LOC) is a rapidly rising research topic within the instrumentation and healthcare industries. A LOC combines and miniaturizes many technologies for applications in a wide range of disciplines including chemical analysis [1] , clinical and forensic analysis [2] , DNA sequencing [3] ,
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and bio-analytical systems analysis [4] . A microfluidic device deals with the precise control and manipulation of fluids that are geometrically constrained to a small (typically sub-millimeter) scale. In micro systems, fluid mixing becomes very difficult because of the tiny sizes involved. To obtain the required mixing, traditional methods for stirring fluids are not applicable. Due to the small sizes of micromixers, the flow is inevitably laminar. In microfluidic devices, mixing mainly depends on molecular diffusion, which is usually a very slow process. Therefore, in many applications, it is necessary to use appropriately designed micromixers to enhance mixing.
Mixing in microchannels plays an important role in microelectromechanical systems (MEMS) and micro-total analysis systems [5] . Micromixers reported in the literature can be classified into two categories, active and passive mixers, depending on their mixing principal [6] . Active micromixers involve external forces. Mixing can be enhanced by stirring the flow in order to establish secondary flows [7] . This stirring effect can be achieved by using additional structures or external sources including ultrasonic vibration, electric fields [8] , dielectrophoresis, electro-hydrodynamic, electroosmosis, magnetic forces [9] , and bubble-induced acoustic micro streaming [10] . The secondary flow stretches and folds the interface of the fluids, thereby reducing the diffusion path between the fluid streams and increasing the mixing phenomenon. However, the fabrication of this type of microfluidic mixer is rather complex. Furthermore, these devices generally require some type of external power source and a control system, and they are difficult to operate, clean, and integrate into microfluidic systems. On the other hand, passive micromixers do not require any external source of energy except for driving the fluid flow. Thus, mixing is promoted only by modifying the microchannel geometry. A passive mixer reduces the diffusion path between the fluid streams by splitting and recombining the flow [11] . Due to their simplicity, passive mixers are being used in most microfluidic applications instead of active mixers.
Passive mixers can be further classified as lamination or injection micromixers. In lamination mixers, the fluid streams are separated into several small streams that are later connected in a mixing channel [12] . On the other hand, an injection mixer splits only one stream into many sub-streams, which increases the contact surface and reduces the mixing path [7] .
Over the past decade, several experimental and numerical studies have been carried out for different passive micromixers. Various investigations have been performed to characterize the mixing of fluids based on the analysis of laminar flow and mixing in passive micromixers such as T mixers, Y mixers, different types of serpentine micromixers [13, 14] , micromixers with patterned grooves [15] [16] [17] , and split and recombine (SAR) micromixers [18] [19] [20] [21] . Numerical and experimental studies were performed by Fang and Yang [22] on a three-dimensional (3-D) rotating microfluidic device with a range of Reynolds numbers from 0.01-100. Their study demonstrated that the mixing mechanism based on SAR creates chaotic advection and shows better performance for relatively high Reynolds numbers. Vladimir and Nimafar [19] introduced a novel 3-D SAR passive micromixer called the "chain micromixer". Experimental verification and numerical analysis of the flow structure were performed in a low Reynolds number range, 0.083 ≤ Re ≤ 4.166. The experimental results showed that the mixer's efficiency reached 98% due to the SAR process. Their previous study [20] on an H-shaped micromixer based on the SAR process demonstrated that the efficiency of this micromixer is very high at a low Reynolds number (Re = 0.083) due to the SAR behavior. Schönfeld et al. [23] conducted a numerical investigation of an SAR micromixer, and their investigation over a wide range of Reynolds numbers illustrated that the SAR mixer provided efficient mixing.
Based on the mentioned studies, it is clear that a passive SAR micromixer, wherein the main channel is divided into two sub-channels and the sub-channels recombine after a certain distance in a repetitive fashion, is very effective in enhancing the mixing of fluids. The performances of circular and rhombic SAR micromixers were compared numerically by Ansari and Kim [24] . A numerical and experimental study on an SAR-based rhombic micromixer was studied by Chung and Shih [25, 26] . They compared the performances of rhombic micromixers with and without constriction at the recombine section. The interface of fluids was strongly distorted by the constrictions; hence, mixing was remarkably enhanced. However, the use of flow constrictions requires higher pumping power due to the high pressure drop. Unbalanced splits and cross-collisions of fluid streams were investigated numerically and experimentally by Ansari et al. [27] . Their results demonstrate that mixing performance is maximized when the width of the major sub-channel is twice that of the minor sub-channel, and the lowest mixing performance is obtained for equal sub-channel widths. Thus, the unbalanced SAR is effective in mixing compared to the balanced SAR.
In this study, a micromixer with three unbalanced rhombic sub-channels was proposed, and numerical analyses were performed to investigate the mixing behavior and flow characteristics of this micromixer in comparison with a micromixer with two-split rhombic sub-channels. 3-D Navier-Stokes equations were solved for a mixing analysis using two working fluids: water and ethanol. The mixing performance and pressure drop were analyzed with two geometric parameters, the rhombic angle and sub-channel width ratio, for Reynolds numbers from 0.1-120.
Micromixer Models
Schematic diagrams of the SAR-based unbalanced two-split and three-split rhombic micromixers are shown in Figure 1 . The two fluids enter through two different inlets, respectively, and come into contact at a T-joint where they undergo some mixing before entering a series of sub-channels. Figure 1a shows the two-split micromixer, where the main channel is split into two sub-channels of unequal widths, and the sub-channels are recombined in a repetitive way. The widths of the two sub-channels w1 and w2 are 200 μm and 100 μm, respectively. The sum of the widths of the two sub-channels is equal to the width of the main channel; w1 + w2 = w = 300 μm. The major sub-channel changes its position after each collision along the x-axis. Figure 1b shows the proposed SAR-based modified rhombic micromixer with unbalanced three-split sub-channels. To compare the mixing performance of the unbalanced three-split rhombic micromixer with unbalanced two-split rhombic micromixer, the main channel (w) was divided into three sub-channels. The two micromixers (Figures 1a,b) are comprised of four split and recombination segments. The height of the micromixer, h, for both of the cases was kept constant at 900 μm. The dimensions of the reference model of the three-split micromixer are as follows. The width of the major sub-channel (w1) is 200 μm. The minor sub-channel (w2) is divided into two equal widths, w21 = 50 μm and w22 = 50 μm. The sum of the widths of the three sub-channels is equal to the width of the main channel: w1 + w21 + w22 = w = 300 μm. The pitch, Pi is the same in both micromixers, 1.2 mm. The rhombic angle is 90°. The axial lengths of the inlet and exit parts of the main channel shown in Figure 1 are Lo = 475 μm and Le = 3 mm.
In this work, a parametric study of the unbalanced three-split rhombic micromixer was performed to improve the mixing performance with respect to two geometric parameters. Two dimensionless parameters, the ratio of the minor sub-channel 1 width (w21) to the major sub-channel width (w1), and the rhombic angle (θ), were selected in order to determine their effects on mixing performance and pressure drop. The value of the dimensionless parameters w21/w1 and θ were varied from 0.25-4 and 50°-110°, respectively. In cases of changing sub-channel widths, the widths of the sub-channels were controlled by changing the position of the outer wall with respect to the fixed inner wall. The total number of rhombic units, the height of the inside rhombic shape (h), and the sub-channel widths were kept constant when changes were made to angle θ. 
Numerical Analysis
To analyze the flow phenomena and mixing behavior of the fluids in the SAR-based unbalanced multi-split rhombic micromixers, the commercial computational fluid dynamics (CFD) code ANSYS CFX-12.1 [28] was used. This code solves the mass and momentum (Navier-Stokes) conservation equations by using a finite volume approximation, and is capable of modeling fluid mixtures that comprise many separate physical components, each component can have a distinct set of physical properties. The solver calculates the appropriate average values of the properties for each control volume in the flow to compute the fluid flow. The bulk motion of the fluid was modeled using single flow parameters (such as velocity, pressure, etc.). Each component had its own equation for the conservation of mass, as follows:
where ρi is the density of fluid component i in the mixture, ρ is the average density of the mixture, ρi(Vij − Vj) is the relative mass flux, Vij is the velocity of fluid component i, and Vj is the average velocity of the mixture. In the mixture, the differential motion of the distinct components is accounted for by the relative mass flux term. This term can be expressed in a number of ways to include the effects of concentration gradients, pressure gradients, etc. The concentration gradient is the primary effect of the possible relative motion of the mixture components. Γi is the molecular diffusion coefficient of fluid component i, and can be expressed as follows:
where Di is the diffusivity of fluid component i. An unstructured tetrahedral grid system was created using ANSYS ICEM 12.
1. The quality of the mesh was examined because the computation accuracy depends on it. The numerical simulation is not free from the numerical diffusion errors that arise from the discretization of the convection terms in the Navier-Stokes equations. However, this error can be minimized by adopting a higher-order numerical scheme for the convection terms [29] . A high resolution scheme [28] was used for discretization of the convective terms in the governing equations. Furthermore, SIMPLEC algorithm [30] was used for the pressure velocity coupling. The details of the governing equations and numerical methods can be found in the previous paper [31, 32] . No-slip boundary conditions were used at the solid walls. Uniform velocities were assigned at the inlets, and a zero static pressure was specified at the outlet. The Reynolds number was evaluated by considering the width of the main channel with water as the working fluid. The mixing analysis was carried out with ethanol and water entering the micromixer from Inlet 1 and Inlet 2, respectively. The present numerical study was carried out over a range of Reynolds numbers from 0.1-120. The properties of the water and ethanol were taken at 20 °C, as listed in Table 1 .
To quantify and analyze the mixing behavior, the variance of the liquid species in the micromixer was calculated. The variance of the species was determined at a cross-sectional area of the micromixer perpendicular to the x-axis. The variance is based on the concept of the intensity of segregation, using the mean concentration. To evaluate the degree of mixing, the variance of the mass fraction of the mixture in a cross-section that is normal to the flow direction is defined as follows:
where N is the number of sampling points inside the cross section, ci is the mass fraction at sampling point i, and c is the optimal mixing mass fraction, which is 0.5 at any cross-sectional plane. To quantitatively analyze the mixing performance of the micromixer, the mixing index at a cross-sectional plane is defined as:
where σ is the standard deviation of the concentration across the channel in a crosssection at any specific longitudinal location, and σmax is the maximum standard deviation (unmixed at the exit). A greater mixing index indicates a higher mixing quality. Thus, the value of this mixing index is zero for completely separate streams (for which σ = σmax), and unity for completely mixed streams (for which σ = 0). For all geometries, the mixing index was calculated after a single unit in order to compare the results across geometries. 
Results and Discussion
The results of a grid dependency test with six different grid systems comprised of a number of nodes ranging from 3.77 × 10 
Comparison between Two-Split and Three-Split Micromixers
First, the performance of the reference unbalanced three-split rhombic micromixer (Figure 1b ) was evaluated compared with those of the two-split micromixer (Figure 1a) . Mass fraction distributions of ethanol on y-z planes at a Reynolds number of 60 are shown in Figure 3 . To analyze the mixing behavior, each ethanol mass fraction distribution was plotted at the exit of each rhombic unit. At x = 0, Figures 3a,b show that the paths of the two fluids are nearly parallel to each other, and there is no secondary flow. As the flow proceeds through the channel, secondary flows are induced, and hence the mixing is enhanced. Whenever the position of a major sub-channel is reversed, an alternation of distribution occurs. At Re = 60, the values of the mixing index at the end of the fourth cell are 0.61 and 0.86 for the two-split and three-split micromixers, respectively. To find the flow structures in unbalanced two-split and three-split rhombic micromixers, velocity vectors were plotted on the x-y plane at Re = 40, as shown in Figure 4 . The flow in the main channel was divided into two or three sub-streams according to their geometries, and they collided with each other in the combination zone. The same pattern was repeated in the microchannels. The magnified images show the flow phenomena in the combination zone after the third rhombic cell. The velocity vectors are parallel to the channel wall without any transverse flow in the major sub-channel, and the flow patterns are almost the same for both micromixers. No transverse flow occurred in the two-split rhombic micromixer, while two small recirculation flows were generated in the three-split unbalanced rhombic micromixer near the inlet of the minor sub-channel. Additionally, these small recirculation flows contributed to the enhancement of mixing. Figure 5 shows the mass fraction distributions of ethanol on the x-y plane at a Reynolds number of 40 in the same enlarged area indicated in Figure 4 . The figure shows that the three-split micromixer exhibited far better mixing than the two-split micromixer in this combination zone after the third rhombic cell, especially in the two small recirculation zones indicated in Figure 4 . Figure 4 in unbalanced two-split and three-split rhombic micromixers. Figure 6 shows variations of the mixing index at the exit of the fourth rhombic unit (x = 5.3 mm) of the micromixer for Reynolds numbers from 0.1-120 for the unbalanced two-split and three-split rhombic micromixers with the same axial length. At low Reynolds numbers (less than 1), the mixing is mainly governed by molecular diffusion, and mechanical stirring is ineffective [33] . Thus, at a low Reynolds number, the mixing is dominated by the residence time and depends on the total path length of the flow. As the Reynolds number increased, the level of the mixing index decreased rapidly due to the decrease in the residence time, and reached its minimum at Re = 10. For this Reynolds number range, the residence time is insufficient and the transverse flow is still inactive; thus, the mixing index remained at the lower level. Thus, modification of the geometry of the micromixer is not so effective for mixing at these low Reynolds numbers. However, beyond this Reynolds number, even though the residence time decreased further, the transverse flows rapidly become active, and mixing started to increase as the Reynolds number increased. The micromixer with unbalanced three-split rhombic sub-channels showed better mixing performance throughout the intermediate Reynolds number range (less than 120). From Re = 20, the difference in the mixing index between the two micromixers starts to increase, and the maximum difference in the mixing index is found at Re = 50. Thereafter, the difference decreases and nearly disappears at Re = 120. Unlike the two-split micromixer, the three-split micromixer shows almost full development of the mixing index at Re = 60. At Reynolds numbers of 30, 40, 50, and 60, the mixing indices at the end of the unbalanced three-split rhombic micromixer are 1.49, 1.67, 1.56, and 1.44 times the corresponding mixing index of the unbalanced two-split rhombic micromixer, respectively. Velocity vector plots for two different rhombic micromixers at Re = 40 are shown in Figure 7 . Velocity vectors were plotted on the cross sections located at tip of the third rhombic unit (planes A, B, and C). In both micromixers, two strong counter-rotating vortices were present in the major sub-channel (plan A). Compared to the micromixer with two-split sub-channels in the three-split micromixer, the center of the vortices shifted to the top of the cross-section. As a result, the velocity vectors became weak near the bottom of the plane. Velocity vectors on planes B and C represent the flow structures in the minor sub-channels. Two counter-rotating vortices were also observed in plane C in both micromixers. In the case of the three-split micromixer, two comparatively small circular-shaped vortices occupied most of the cross-sectional area of the channel, whereas in the two-split micromixer elliptical counter-rotating vortices shifted to the bottom. In the three-split micromixer, weak transverse flow occurred at plane B. Figure 8 shows the pressure drop characteristics as a function of Reynolds number in a range of Reynolds number from 0.1-120 for both micromixers. In all cases, the pressure drop was calculated at the exit of the fourth rhombic unit (x = 5.3 mm). The pressure drop increases with the Reynolds number for both cases. At lower Reynolds numbers (less than 10), where wall friction is small and the transverse flow is inactive, the effect of micromixer geometry on pressure drop is almost negligible. Beyond this Reynolds number, the three-split micromixer shows a higher pressure drop due to the higher wall friction and stronger transverse motion, but the relative increase in the pressure drop is less than only 16.8% throughout the Re range. 
Effects of Design Parameters on Mixing and Pressure Drop
To analyze the effect of the rhombic angle (θ in Figure 1 ) on mixing, the variations of the mixing index at the exit of the three-split micromixer versus θ for Reynolds numbers ranging from 0.1-80 were plotted, as shown in Figure 9 . The total number of rhombic units was kept constant. θ was varied from 50°-110°, and the pitch (Pi) was changed with the fixed height, h, according to the change in θ. Figure 9 shows that the mixing index has a maximum value at 90° except for the lowest Reynolds number, Re = 0.1. At Re = 0.1, the mixing index increased as the angle increased throughout the test range of the angle. With the increase in the angle, the flow path increased, thereby resulting in an increase in residence time. This enhanced mixing at low Reynolds numbers, where mixing is mainly governed by molecular diffusion. Figure 9 also demonstrates that a Reynolds number of 60 shows the largest variation in the mixing index with θ among the tested Reynolds numbers.
To determine why the mixing index shows its maximum at θ = 90°, the flow structures were plotted for different rhombic angles at Re = 50 (Figure 10 ). Velocity vectors were plotted on two y-z planes (AB and CD) just before and after the apex of the first rhombus, respectively. The flow patterns at plane AB are almost identical for all cases, and no transverse flow was observed throughout the cross-sectional area. At plane CD, the micromixer with θ = 50° creates a single elliptical vortex near the outer wall. A pair of counter-rotating vortices occur at θ = 70° and 110°. The centers of the vortices shifted to the outer wall at θ = 70°. Two pairs of counter-rotating vortices that occupy the entire cross-sectional area appear at θ = 90°. The strongest transverse motion produces the highest mixing index at θ = 90°, as shown in Figure 9 . Figure 11 shows the effect of the rhombic angle on pressure drop in the three-split micromixer at Reynolds numbers of 40, 60, and 80. Pressure drops were calculated at the exit of the fourth rhombic unit for all cases. The pressure drop slowly increases at nearly a constant rate as the angle increases from 50°-110° for all tested Reynolds numbers. In the case of the three-split micromixer shown in Figure 1a , as the angle increases, the total flow path increases due to the increase in the pitch with fixed height, which contributes to the increase in pressure drop. The mechanism of mixing between the fluids in the sub-channels, and the effect of sub-channel widths on mixing, can be seen in Figure 13 , which shows projected streamlines of two different fluids entering from Inlet 1 and Inlet 2, respectively, at Re = 40. Figure 13a shows that the fluids entering from Inlet 1 and Inlet 2 mix at the T-joint, and most of the streamlines go to minor sub-channel 1 throughout the micromixer. Therefore, the unbalanced three-split rhombic micromixer with w21/w1 = 4.0 acts as a simple T-mixer, and mixing mainly occurs due to diffusion at the interface of the fluids. Figure 13b shows that for w21/w1 = 1.5, the streamlines from Inlet 1 enter the major sub-channel and minor sub-channels while most of the streamlines from Inlet 2 pass through minor sub-channel 1. Almost 95% of the total streamlines pass through minor sub-channel 1 with w21 = 0.15 mm. Figure 13c shows that for equal sub-channel widths (w21/w1 = 1.0), almost a half of the total number of streamlines pass through minor sub-channel 1. The remaining streamlines pass through the other sub-channels equally. Flow streamlines entering from each inlet stay in the sub-channel on their own side, and do not cross or alter each other. Figure 13d for the case with w21/w1 = 0.25 shows the best mixing performance (Figure 12) , and indicates that the streamlines from Inlet 2 are divided into mainly two sub-streams. Most of the streamlines enter the major sub-channel and the remaining streamlines enter minor sub-channel 1, while the streamlines from Inlet 1 mostly go to the major sub-channel. After the first rhombic cell, the streamlines from the major sub-channel are divided into three sub-streams: the larger part goes to the next major sub-channel, and the remaining part enters the minor sub-channels equally. The streamlines from minor sub-channel 1 mostly go to the major sub-channel due to the inertia of the fluid. After the second rhombic unit, the streamlines mix at the combination zone and are divided into sub-streams in a similar fashion. This complicated SAR process enhances the mixing in the unbalanced three-split micromixer.
The effects of w21 on the pressure drop for Reynolds numbers of 40, 60, and 80 are shown in Figure 14 . An equal axial distance of x = 5.3 mm was used to calculate the pressure drops. As w21/w1 increases, the pressure drop decreases at a nearly constant rate. This indicates that the wider central sub-channel causes the lower pressure drop, because it does not require a change in the flow direction of the incoming flow. 
Conclusions
The mixing performance and flow characteristics of the proposed micromixer with unbalanced three-split rhombic sub-channels were investigated by solving 3-D Navier-Stokes equations in combination with an advection-diffusion model for a Reynolds number range from 0.1-120. The mixing index and pressure drop were evaluated and compared with results from an unbalanced two-split rhombic micromixer. The micromixer with unbalanced three-split rhombic sub-channels exhibited better mixing performance than the two-split micromixer throughout the tested range of Reynolds numbers, except at Re = 120. At Reynolds numbers of 30, 40, 50, and 60, the mixing indices at the exit of the three-split micromixer are 1.49, 1.67, 1.56, and 1.44 times the corresponding mixing index of the two-split micromixer, respectively. The pressure drop in the three-split micromixer is larger than that in the two-split micromixer, but the relative difference is less than 16.8% throughout the Reynolds number range. Therefore, the proposed three-split micromixer shows good mixing performance in the Reynolds number range of 30-80 without an excessive increase in the pressure drop. A parametric study for the mixing performance and pressure drop in the three-split micromixer was also performed using two geometric parameters, the rhombic angle and sub-channel width ratio, in a Reynolds number range from 0.1-80. The mixing index at the exit has a maximum value at a rhombic angle of 90° with a fixed number of rhombic units of fixed height, except for the lowest Reynolds number of 0.1. At this Reynolds number, the mixing is only affected by the total path length of the channels. The pressure drop slowly increases at a nearly constant rate as the rhombic angle increases from 50°-110° for all tested Reynolds numbers. At a minimum value of w21/w1 (= 0.25) among the four test values, the mixing index reaches its maximum regardless of the Reynolds number. As w21/w1 increases, the pressure drop decreases at nearly a constant rate for all Reynolds numbers tested.
